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Abstract. In this paper we extend some well-known rigidity results for con- 
formal changes of Einstein metrics to the class of generalized quasi-Einstein 
(GQE) metrics, which includes gradient Ricci solitons. In order to do so, 
we introduce the notions of conformal diffcomorphisms and vector fields that 
preserve a GQE structure. We show that a complete GQE metric admits 
a structure-preserving, non-homothetic complete conformal vector field if and 
only if it is a round sphere. We also classify the structure-preserving conformal 
diffcomorphisms. In the compact case, if a GQE metric admits a structure- 
preserving, non-homothetic conformal diffeomorphism, then the metric is con- 
formal to the sphere, and isometric to the sphere in the case of a gradient Ricci 
soliton. In the complete case, the only structure-preserving non-homothetic 
conformal diffcomorphisms from a shrinking or steady gradient Ricci soliton to 
another soliton are the conformal transformations of spheres and stereographic 
projection. 



1. Introduction 

It is well-known that the Einstein condition on a Riemannian manifold is not 
conformally invariant. In the 1920s Brinkmann |Bri25j classified when two Einstein 
metrics are conformal to each other and Yano-Nagano |YN59j later proved that if 
a complete Einstein metric admits a complete conformal field then it is a round 
sphere. For further results in this direction see |Nag59| , |Lic58j and pp. 309-311 of 
KN96]. For the pseudo- Riemannian case and many more references, see [KR09 . 

In this paper we show that these results have natural extensions to the class 
of generalized quasi-Einstein (GQE) metrics, that is, Riemannian metrics g on a 
manifold M of dimension n > 3 satisfying 

(1.1) Ric + Hess/ + adf ® df = Xg 

for some smooth functions /, a, A on M, where Ric and Hess are the Ricci curvature 
and Hessian with respect to g. GQE manifoldfQ were recently introduced by Catino 
|Catl2j . who proved a local classification of GQE metrics with divergence- free Weyl 
tensor. GQE metrics generalize: 

• Einstein metrics: Ric = Xg where A g M, 

• gradient Ricci solitons: Ric + Hess/ = Xg, where A € K, 

• gradient Ricci almost solitons: Ric + Hess/ = Xg, where A € C°°(M), 
introduced by Pigola-Rigoli-Rimoldi-Setti |PRRS11] . and 
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• m-quasi-Einstein metrics: a — — — for a positive integer m and A £ R, 
introduced by Case-Shu- Wei [CSWllj ; these include the static metrics 
when m = 1. 

We will consider diffeomorphisms between GQE manifolds that preserve the 
structure in the following sense. 

Definition 1.1. A diffeomorphism cf> from a GQE manifold (Mi, gi, fi,ax,X±) to a 
GQE manifold (M%, 52, /2, ct 2l A2) is said to preserve the GQE structure ii<jfa 2 = oei 
and <p* df 2 = df\. A vector field V on a GQE manifold preserves the GQE structure 
if Dyct = and Dyf is constant, or equivalently, if the local flows of V preserve 
the GQE structure. 

A conformal diffeomorphism <j> between Riemannian manifolds (Mi,gi) and 
(M2,<?2) is a diffeomorphism such that 

(j)*g 2 = ur 2 gi 

for some function w > on Mi . A conformal vector field on a Riemannian manifold 
[M , g) is a vector field whose local flows are conformal diffeomorphisms; equiva- 
lently, V satisfies 

L v g = 2ag 

for some function a on M, where L is the Lie derivative. 

A trivial example of a conformal diffeomorphism that preserves the GQE struc- 
ture is any homothetic rescaling (<f> = identity, 52 = c 2 3i)- We will say a conformal 
diffeomorphism is non-homothetic if w is not constant. Similarly, a conformal vector 
field is non-homothetic if a is not constant. 

We show that conformal diffeomorphisms and vector fields that preserve a GQE 
structure only exist in very rigid situations. Our most general result is the following 
classification theorem for non-homothetic conformal transformations that preserve 
a generalized quasi-Einstein structure. This result holds in both the local and global 
settings. 

Theorem 1.2. Let 4> be a non-homothetic, structure-preserving conformal diffeo- 
morphism between GQE manifolds (M\,g\, /1, ai, Ai) and (-M2, 52, /2, ct2, A2) of di- 
mension n > 3. Then, about points where ai ^ j^., gi and g 2 are both of the 
form 

(1.2) 9l =ds 2 +v t (s) 2 g N , 

where (N,gj\r) is an [n— l)-manifold independent of s and fi — fi(s), or 

(1.3) gi =e^ (ds 2 + Vl (s) 2 g N ) , 

where (N,g^) is an (n — l)-manifold independent of s and fi is a function on N. 
If either gi or g 2 is complete and a; ^ — zo, then the metrics are globally either of 
the form il.2\) or il.3\) . Moreover, if n > 4 or a is constant in case il.2\) . then gN 
is Einstein; in case \1.3)) , gN is conformal to a GQE manifold with potential fi. 
Finally, only ll.Sfy is possible if n = 3. 

Remark 1.3. If ct\ = — 3^, then gi is conformal to an Einstein metric (see Proposi- 
tion [XT]); these spaces fall into the Einstein case studied by Brinkmann |Bri25j . 

Remark 1.4. When / is constant, cases (|1.2[> and (|1.3[) are the same. The metric 
<?2 need not be complete if g\ is, even in the Einstein case: stereographic projection 
provides a counterexample. 
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Remark 1.5. We give examples in sections 14 . 1 1 and [4.21 showing both cases in The- 
orem 11.21 may occur. We also show that the two cases do not occur on the same 
connected manifold unless / is constant. 

In the compact case, we further obtain the following. 

Theorem 1.6. Let <f> be a non-homothetic, structure-preserving conformal diffeo- 
morphism between compact GQE manifolds (M\,gi, fi, ai, Ai) and (M2, 32, /2, «2, A2). 
Then (Mi,gi) are conformally diffeomorphic to the standard round metric on S n . 
Moreover, if a\ 7^ ^zf? then (Mi,gi) are rotationally- symmetric. 

The case of conformal fields exhibits greater rigidity than the case of discrete 
conformal changes. For instance, we prove: 

Theorem 1.7. Suppose (M, g,f, a, A) is a complete GQE manifold, with a 7^ ^rj' 
that admits a structure-preserving non-homothetic conformal field: Lyg = 2a g. If 
a has a critical point (e.g., if AI is compact), then f is constant and (M,g) is 
isometric to a simply- connected space form. 

Moreover, the round sphere is the only possibility if the conformal field is assumed 
to be complete, generalizing Yano-Nagano's result. 

Theorem 1.8. // a complete GQE manifold (M, g, f, a, A) with a 7^ admits a 
non-homothetic complete conformal field V preserving the GQE structure then f is 
constant and (M, g) is isometric to a round sphere. 

In fact, we obtain a full local classification without the completeness assumption 
on V nor g. There are several examples; we delay further discussion to section [5j 

We also obtain more rigidity in the case of a gradient Ricci soliton (i.e. a = 
and A is constant). A gradient Ricci soliton (M,g,f) is called shrinking, steady, or 
expanding depending on whether A>0, A = 0, A<0 respectively. Combining our 
results with some other well-known results for gradient Ricci solitons gives us the 
following theorem. 

Theorem 1.9. Let <f> be a non-homothetic, structure-preserving conformal diffeo- 
morphism between GQE manifolds (Mi, g±, f±, 0, Ai) and (M2, gi, / 2 , 0, A2), and as- 
sume (Mi,gi,/i) is a complete gradient Ricci soliton. Then gi and gi are both 
metrics of the form hl.2\) . and: 

• // M\ is compact, then gi and gi are both round metrics on the sphere. 

• // (Mi,<7i,/i) is either shrinking or steady, then it is a round metric on 
the sphere, the flat metric on W 1 , the Bryant soliton, or a product R x N 
where N is Einstein with Einstein constant A. 

• //, in addition, (M 2 , 321/2) is a soliton, then either (M^,^) are round met- 
rics on the sphere or ip is a stereographic projection with (Mi, gi) flat Eu- 
clidean space and (M2,gi) & round spherical metric with a point removed. 

• If(M,g, f) is a complete gradient Ricci soliton admitting a non-homothetic 
conformal field that preserves the structure, then (M, g) is Einstein and f 
is constant. 

Remark 1.10. In the last case, note that complete Einstein metrics admitting non- 
homothetic conformal fields were classified by Kanai IKan83] : we recall this classi- 
fication in remark WM 
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Remark 1.11. We also obtain that gi and gi are both of the form ()1 .2[) when g\ is 
TO-quasi-Einstein. m-quasi-Einstein metrics of the form (|1.2[) are found in |Boh98] 
(cf. [HPW12] ). Examples of complete expanding gradient Ricci solitons of the form 
(fOl) are found in [CCG+07] . 

Remark 1.12. Interesting results for some conformal changes of Kahler Ricci solitons 
that do not preserve the GQE structure are obtained in |Mas08] . 

The paper is organized as follows. In section [5] we discuss warped product met- 
rics with a one dimensional base. The first observation, known to Brinkmann, is 
a characterization of these spaces as those admitting a non-constant solution to a 
certain PDE. The second observation is a duo of completeness lemmas for metrics 
conformal to a warped product, in which the conformal factor is either a function 
on only the base or only the fiber. Section [3] is the technical heart of the paper. 
We recast the GQE condition on g in terms of an equivalent condition on a con- 
formally rescaled metric h, then establish a warped product structure on h. Next, 
we understand the geometry of g by demonstrating that the conformal factor only 
depends on the fiber or the base, leading to two possible cases. Finally, we prove 
the global structure of g 7 arguing that both cases may not occur on a connected 
manifold. In section|3]we give a variety of examples that demonstrate the sharpness 
of the classification theorems. Section[5]takes up the case in which a GQE manifold 
admits a structure-preserving conformal field, and section [6] specializes our results 
to gradient Ricci solitons and m-quasi-Einstein manifolds. 

2. Warped Products over a one-dimensional base 

In this preliminary section we recall the notion of warped products over a one- 
dimensional base and their characterization as the metrics that support a gradient 
conformal field. This result has a long history: the local version goes back to 
Brinkmann Bri25j, and the global version was established in full generality in 
the Riemannian case by Tashiro |Tas65] . Tashiro's work generalized a well-known 
characterization of the sphere due to Obata |Oba62] . 

We require slightly non-standard versions of these results where our metric is 
not complete, but is conformal to a complete metric by a conformal change of a 
certain form. In Lemmas 12.91 and I2.11[ we establish that Tashiro's proof can be 
extended to give a global warped product structure in these cases, a necessary step 
in our eventual proof of Theorem 11.21 

Definition 2.1. A warped product over a one- dimensional base is a smooth man- 
ifold isometric to one of the following: 

(I) 

(J X N,h= dt 2 + v(tfg N ) 

where / is an open interval (possibly infinite), v : / — ¥ M. is smooth and 
positive, and (N,gpf) is a Riemannian manifold, 

(II) 

(B R (0) C R", h = dt 2 + v(t) 2 g sn -i) , 

where Br(0) is an open ball about the origin of radius R G (0, 00] , v : 
[0, R) — > K is smooth, positive for t > 0, with v(0) — 0, and 5511-1 is a 
round spherical metric, or 
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(III) 

(S n ,dt 2 + v(t) 2 g Sn -l) 

where v : [0, R] — > R is smooth, positive for < t < R, with v(0) — v(R) — 
0. 

Remark 2.2. In case (I) g is complete if and only if cjn is complete and I = R. Case 
(II) metrics are complete if and only if / = [0, oo), and are rotationally-symmetric 
metrics on R™. Case (III) metrics are rotationally-symmetric metrics on S n . In 
cases (II) and (III) smoothness of the metric implies further boundary conditions 
on the derivatives of v (see |Pet06] for example). 

An important property of these spaces is they always support a gradient confor- 
mal vector field. 

Proposition 2.3. For an n- dimensional warped product metric over a one- dimensional 
base: 

h = dt 2 + v(t) 2 g N , 
any anti- derivative u(t) of v(t) satisfies the equation 

(2.1) — L^ u h — Hess u — h, 

2 n 

where V, Hess, and A are the gradient, Hessian, and Laplacian with respect to h. 

The fundamental fact we will exploit is that the converse is also true. For the 
full proof and history of this result we refer the reader to Lemma 3.6 and Proposi- 
tion 3.8 of |KR09j . which also include pseudo-Riemannian versions and additional 
references. 

Lemma 2.4. Suppose that a non-constant function u on a Riemannian manifold 
{M,h) satisfies \2.1\) . Then the critical points of u are non-degenerate and isolated. 
Fixpe M. 

(1) If |Vu(p)| 7^ 0, then in a neighborhood U of p, g is isometric to a warped 
product over a one- dimensional base of type (I): 

(U,g)^(lxN,dt 2 + u'(t) 2 g N ), 

where u = u{t), u'(t) ^ and (N^g^) is some Riemannian (n— 1) -manifold 
independent oft. If x denotes coordinates on N, we say (t,x) give rectan- 
gular coordinates on U. 

(2) If \Vu(p)\ — then there is a neighborhood U of p on which g is isometric 
to a warped product over a one- dimensional base of type (II), and u is a 
function of only the distance t to p: 

(U,g)= (^B R (0),dt 2 +(^) gsn-.J, 

where u'(t) ^ for t > 0. If x denotes coordinates on S"^ 1 , we say (t,x) 
give polar coordinates on U . 

Later, in case (2) we rescale gs^-i without further comment to absorb u"(0). 
Since aspects of the proof will be important for our next two results, we include 
a proof of (1) for completeness. We will find the following definitions of Tashiro 
useful. 
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Definition 2.5. Let u be a solution to (12. A u- component is a connected 
component of a non-degenerate level set of u. A u-geodesic is a geodesic of h that 
is parallel to Vu wherever Vu 7^ 0. 

Proof of Lemma \2.4\ (!)■ Let p be a point with Vu(p) ^ and let L be the u- 
component containing p. There is a neighborhood U of p such that Vu ^ on U, 
U is diffeomorphic to (— e, e) x N, where N C L, and t/ has coordinates (t, x), where 

= and x denotes coordinates for N. We also choose N to be connected. 

For X orthogonal to Vu, (|2.1j) implies that 

L>x|Vu| 2 = 2Hess u(A, Vu) = 0, 

so |Vu| is a function of t and Vu = ip{t)^. This in turn implies that u — u(t) and 
V>(i) = Then we have 

h ( Vs 4-^1 = ^irHessu ( = 0, 

V 37 9t' J u'(t) ydt 1 J 

which shows that the curves t H> (t, x) are the u-geodesics in U . 

This establishes that the metric is of the form h = dt 2 + g t , where g t is a one- 
parameter family of metrics on JV. It also implies that 

(s-s)-*^*^"!)-!)-^* 

By (|2.1[) . we now see that Au = nu"(t). Using (|2.1|) again we obtain for X, Y 
orthogonal to Vu, 

u" 

{L Jt h)(X,Y) = 2—h(X,Y), 

at y; 

which implies that g t (X,Y) — u'(t) 2 giy(X,Y) for some fixed metric gN on N. □ 

Remark 2.6. The fact that |Vu| is a function of t in the proof shows that we can 
choose U to be a neighborhood of L, even when L is non-compact: if Vu ^ on 
{to} x A, then Vu ^ and has constant length on the whole leaf {^o} X L. In 
particular, we see that, in a neighborhood of a point with Vu(p) ^ 0, the sets 
{t} x iV are the u-components and that the u-geodesics are the geodesies in the t 
direction. In the case where Vu(p) = we have that all of the geodesies beginning 
at p are u-geodesics and the metric spheres around p are u-components. 

Tashiro's theorem is the following global version of this result: if h is complete 
and supports a non-constant function satisfying (12.11) . then h is globally a warped 
product over a one-dimensional base (cf. Theorem 5.4 of OS92]). We show that 
Tashiro's arguments can be used to also prove global theorems for (possibly incom- 
plete) metrics that are conformal to a complete metric in a certain way. First we 
need a definition. 

Definition 2.7. Let u be a non-constant solution to (|2.ip on (M,h), let / be a 
smooth function on M, and let U C M. We say / = f(t) on U if V/ is parallel to 
Vu on U, and / = f(x) on U if V/ is orthogonal to Vu on U. 

Remark 2.8. From Lemma 12.41 around every point p, the metric h can be written 
on some neighborhood U of p as 

dt 2 + u'(t) 2 g N 
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with (polar or rectangular) coordinates (t, x). Then / = f(t) in the above definition 
if and only if / is a function of only the i-coordinate on U; similarly, / = f(x) as 
above if and only if / is independent of t on U. 

Lemma 2.9. Suppose that a non-constant function u on a Riemannian manifold 
(M, h) satisfies \2.1\) and suppose that f is a function such that f = fit) on M 

2/ 

and (M,e n ~ 2 h) is complete. Then (M,h) is (globally) a one- dimensional warped 
product, with fiber metric complete. 

2/ 

Remark 2.10. The normalization of the conformal factor e™- 2 is not important, 
but is used to be consistent with later notation. 

2/ 

Proof. Set g = e™- 2 h. Let TV be a u-component, with induced metric g^ from h. 
Applying Lemma l2.4l to every point of N shows that g\xN and h\xN are homothetic 
(since / = f(t)). Since N is a closed subset of the complete manifold (M,g), it 
follows that (iV, gisr) is complete. 

Let J be the largest open interval of regular values of u that contains u(N), and 
let U C M be the connected component of u (J) that contains N. Let q € N 
and let j q be the it-geodesic with respect to h through q. Since / = /(i), "f q is, up 
to reparametrization, also a geodesic for g. In particular, since g is complete, such 
curves are well-defined until they possibly leave U. Moreover, since u = u(t), they 
all leave U (if at all) at the same parameter value of t. 

As in the proof of Lemma [2^1 it follows that U is diffcomorphic to I x N, where 
I is an open interval, and that in the coordinates induced by this diffeomorphism, 

h = dt 2 + u'(t) 2 g N , 

where t is the signed /i-distance to gx- Say I = (a, b) (where a, b G [— oo, oo]), and 
define the change of variables: 

[* m , 
s(t) = / e«- 2 dr. 

Jo 

Using the new coordinate s, we have that on U, 

g = ds d +u'(sye «-= g N . 

Define 

c = lim s(t), d = lim s(t). 

t— ya+ t— >&— 

Now we can just imitate Tashiro's proof, analyzing three possible cases. 

If c = — oo and d = +oo, the restriction of g to the open subset U defines a 
complete metric, and so (U,g\u) = (M,g). In particular, g is a globally warped 
product with one-dimensional base of type (I). Since / = f(t), the same goes for h. 

Next, suppose c = — oo but d is finite (or vice versa). Consider a geodesic j(s) 
with respect to g, orthogonal to N with increasing s. By completeness, 7 may be 
extended to R, and so we conclude q = lims-j.^- j(s) is a critical point of u (or else 
J was not maximal as chosen). By Lemma |2~H h admits polar coordinates (ti,£c) 
about p with warping factor u' and fiber S 1 ™ -1 . Since the coordinates t and t\ are 
both given by level sets of it, these coordinate neighborhoods can be combined to 
show that h and g are warped product metrics with one-dimensional base of type 
(II). 
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Finally, consider the case in which c and d are both finite. A similar argument 
shows that u has critical points at s = c and s = d, and we conclude that h is a 
warped product with one-dimensional base of type (III) . □ 

From these arguments we also see the following in the case / = f(x). 

Lemma 2.11. Suppose that a non- constant function u on a Riemannian manifold 
(M, h) satisfies (2.1)) and has no critical points. Suppose that f is a function such 

2/ 

that f — f{x) on M and {M,e n - 2 h) is complete. Then (M,h) is (globally) a 
one- dimensional warped product of type (I): 

(M,h) = (M x N,dt 2 + u'{tfg N ) . 
Remark 2.12. In this case, gjv is not necessarily complete. 

Proof. This result follows from similar arguments to Lemmas 12.41 and 12.91 once we 
show that the u-geodesics with respect to h exist for all time. Let j(t) be a u- 

geodesic with respect to h defined for < t < to. Let ti /'to, so that {7(t;)} is 

2/ 

Cauchy in (M, h). The sequence is also Cauchy in (M, g) since g = e™- 2 h and / is 
constant along 7(4). By completeness, {7^)} converges with respect to g to some 
q e M. By considering the u-geodesics in a neighborhood of q, we see that 7 can 
be extended past to. □ 

Remark 2.13. From the proof we can see that only the completeness of the u- 
geodesics in g is necessary for this last result. 

3. CONFORMAL DIFFEOMORPHISMS PRESERVING THE GQE STRUCTURE 



In this section we prove Theorem 11.21 giving the classification of GQE metrics 
admitting a conformal diffeomorphism preserving the GQE structure. The first 
step is to give a convenient conformal interpretation of the GQE equation (|1.1|) . 
used previously by Catino [Cat 12) and Kotschwar |KotlOj . 

Proposition 3.1. A Riemannian manifold {M,g) of dimension n > 3 satisfies the 
GQE equation (1.1)) with functions /, a, and X if and only if there is a conformally 
related metric h that satisfies 

(3.1) Rio, = [ — !— - a J df ® df + Qh 



for some function Q, where Ric/,. is the Ricci curvature of h. 

-2f 

Proof. Set h — e n ~ 2 g. The Ricci curvatures of h and g are related by: 

(3.2) Ric,, = Ric s + Hess a / + -^—df ®df+ -L- (A g f - \Vf\ 2 g ) g. 

Thus we see that h satisfies (|3.ip if and only if Ric ff + Hess g / + adf ® df = \g, 
where 

(3.3) Q = -^— 2 (A g f - \Vf\l + (n - 2) A) . 

□ 

Remark 3.2. h is generally incomplete even if g is complete. 

Remark 3.3. It follows that a Riemannian metric is conformal to an Einstein metric 
if and only if it admits a GQE structure with a = . 
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Example 3.4. A warped product over a one-dimensional base 

h = dt 2 + v(t) 2 g N 

has Ricci curvature 

v" 

(3.4) Ric h = -in - 1)— di 2 + Ric„ N - (vv" + (n - 2){v') 2 ) g N . 

v 

Assume Ric gjv = figjy for a constant fi. Then (13.1[) is satisfied with / = f(t) if and 
only if 

(3-5) GrT2" a ) /,( * )2 = mCh (5'^) ~^h(X,X) 

(n - 2)((v') 2 - vv") - y 

2 

where A is a field perpendicular to such that h(X,X) — 1. Choose a function 
a(i) so that (|3.5[) defines a function /(<). Then /i and / satisfy (|3.1[) for some Q. 

2/ 

Consequently, g = e n ~ 2 h is a GQE metric. 

Example 3.5. As an alternative to the above, let (M,g) be a warped product 
over a one-dimensional base, g = ds 2 +v(s) 2 gN, of type (I) with g^ Einstein (with 
Einstein constant /i), or else of type (II) or (III) (in which the Einstein constant 
of ffgn-i is (n — 1). Then (M,g) is automatically a Ricci almost soliton, where the 
potential / = f(s) can be found from the ODE: 

f\'_ f i+(n-2)(vv"-(v') 2 ) 
v 

and A = A(s) is given by: 

v" 

A = /"-(n-l)-. 

u 

3.1. Local form of h. We first prove a local classification for the conformally 
rescaled metric h. 

Lemma 3.6. Let (Mi,gi,fi,ai,Xi) and (-M2, gi, f%, 0.2, A2) fee GQi? manifolds ad- 
mitting a non-homothetic conformal diffeomorphism <f> preserving the GQE struc- 

tore. TTiera every p € Mi is contained in a neighborhood U on which h\=e ™ _2 <?i 
is a warped product over a one- dimensional base of type (I) or (II): 

hi = dt 2 +u'(t) 2 g N 

for an appropriate function u{t). 

Remark 3.7. If otx = oti = or /1 an d /s are constant, this result recovers 
Brinkmann's original result for Einstein manifolds. 

2fj 

Proof. Let hi — e n ~ 2 gi be the corresponding conformally rescaled metrics. Then 
(f>*92 — w g\ if and only if cj)*{h2} = u~ 2 hi, where 

u =w e™- 2 e 2 = w e »- 2 

for the constant C = (j)* f% — f\. In particular, since w is non-constant, u is non- 
constant as well. We have from Proposition ^ . 1 1 that Ric/^ = I — «j j dfi®dfi + 
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Qihi for i — 1,2. Since <f> preserves the GQE structure, we have 

- «2 )df 2 <8> df 2 J = ( — !-r - ai ] dfx <g> dfx, 



x .n-2 / 7 \n-2 

and so 

Ric r (/l2) - Ric^j = O*Q 2 )0*/i 2 - Qi/ii = ((<f Q 2 )w~ 2 - Qx) hx. 

Thus the difference of the Ricci tensors is pointwise proportional to hi. On the 
other hand, by the formula for the conformal change hx —> u~ 2 hi, we have 

Hess; u 

Ric r(h2) - Ric hl = (n - 2) + (u~ l A hl u - (n - l)|Vu|;; iU - 2 ) Z^. 

Putting these equations together we conclude that Hess^ u is pointwise proportional 
to hx- Taking the trace, we see that (|2.f [) is satisfied by u with respect to hx. From 
Lemma 12.41 we deduce the local warped product structure of hx . □ 



2/1 

3.2. Local form of g. Now with a local classification of the metric hx — e n ~ 2 gxi 
we pass to a local classification of gx by understanding the local behavior of fx ■ 



Lemma 3.8. Under the hypotheses of Lemma \3.6\ let p be a point in Mi with 
a i{p) 7^ ^T2> an d set h — h\ and f = fx, o-nd a — ax- 
il) If P is a critical point of u, then h is a type (II) warped product 

h = dt 2 + u'(t) 2 g Sn -i 

in a polar coordinate neighborhood U of p and f = f(t) on U . 
(2) If p is not a critical point of u, then h is a type (I) warped product 

h = dt 2 + u'(t) 2 g N 

in a rectangular coordinate neighborhood U of p, and either 

(a) / = f(t) on U and (if 1% > 4 or a is constant) g^ is Einstein, or 

(b) / = f(x) on U and 

(3.6) Ric SJV = (—^2 ~ a J d f® d f + P 9N 

where P is a constant and a = a(x). Moreover Q, defined in Proposi- 
tio ns. 1[ is constant and u'" = rF^-it' ■ 

Finally, case (2b) does not occur if n = 3. 

2/ 

In particular, in the / = f(x) case, the metric e n ~ 3 g^ is a GQE [n— l)-manifold 
with potential /, with a shifted by -^-^ — (by Proposition 13. ip . 

Proof. By the previous lemma, in a neighborhood U of p, 

h = dt 2 +u'(t) 2 g N , 

where (t, x) are either polar or rectangular coordinates and the metric gn is inde- 
pendent of t. Letting v{t) = u'{t), we find the Ricci curvature of h from (13.41) . For 
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X, Y tangent to N, 

Ric h (X,Y) 

In this proof, we frequently identify {t} x N with N. 

We begin with some observations. First, from (13. ip we see that Ric/j has at most 
two distinct eigenvalues at each point. If there are two distinct eigenvalues, the 
orthogonal eigenspaces are of dimension 1 and n — 1. Second, V/ is an eigenvector 
field for the 1-dimensional eigenspace of Ric^ wherever it does not vanish. Third, 
from (|3.7|) . is an eigenvector field for Ric^. 

Fix p 6 M, and let U be a coordinate neighborhood as in Lemma T3.6I (shrunken 
if necessary so that a ^ on U). 

Case A. If p is a critical point of u then we have polar coordinates (t,x), and 
9N = 3S"- 1 - We then have 

Rmh(X , Y) . ( M-(n-2) W W N 

where // is the Einstein constant of 5511 . This shows that the n — 1 dimensional 
space T 9 iV C T q M is contained in an eigenspace of Ric^ for every q £ U. Therefore, 
at any point in U for which V/ =^ 0, we have that V/ and both span the one- 
dimensional eigenspace of Ric/, so that V/ is parallel to Jj. Then / = f(t) on 
U. 

From now on, we assume p is not a critical point of it, so that we have rectangular 
coordinates (t, x) on U. Without loss of generality we also assume that p = (0, xq) 
in these coordinates. 

Case B. Suppose p is not a critical point of u and Ric SJV = fig^ at all points 
in a neighborhood V C N containing xq for some function /1 g C°°(V). (This 
assumption is always satisfied when n = 3 and by Schur's lemma is constant if 
we are in this case and n > 3). Then the exact same argument as in Case A, which 
only used Ric gjv = /igjv, shows that / = f(t) on U. Moreover, if a is constant, then 
(I3.1[) and (I3.7P show that Q = Q(t) and consequently that /i is independent of x 
and therefore constant. 

We are now left with the case that p is not a critical point of u and Ric 9JV ^ fig^ 
in any neighborhood of Xq. There are then two cases, depending on whether the 
condition is true at x or not. 

Case C. Suppose p is not a critical point of u and Ric 9N is not proportional to 
at ieo- 

Then Ric^ is not proportional to h, so V/(p) 7^ 0. Shrink U if necessary so that 
V/ ^ on [/. V/ is an eigenvector field of Ric^ with corresponding eigenvalue of 
multiplicity one. It cannot be parallel to Jj and therefore must be orthogonal to 
on f7. This shows that / = f(x) on U. Setting our two expressions for Ric/j equal 



-(n-1)- 





Ric gN (X,Y) 



v" iv') 2 \ 
- + (n-2) { -L h(X,Y) 



12 



JEFFREY L. JAUREGUI AND WILLIAM WYLIE 



yields: 



V 

-(n-1 — = Q 

v 



(3.8) Ric 5JV = ( — !— -a)df®df + (Qv 2 + vv" + (n - 2){v r f) g N 

P 

The first equation implies that Q = Q(t); it follows then from the second that the 
coefficient P on g^r is constant, and consequently a = a(x). Eliminating Q in the 
equations gives 

vv"-{v'f = — ^- 
n — 2 

Any solution to this equation must solve v" = kv for some constant k and therefore 
Q must also be constant. We then find for later reference that 



(3.9) (v'f 



Q 2 P 



- t; 



1 n-2 



Case D. p is not a critical point of u and Ric gjv is proportional to at xq, but is 
not proportional in any neighborhood of xq. 

Consider a sequence of points Xi in N converging to x$ such that Ric 9N is not 
proportional to g^ at Xi. Then V fit, Xi) must be tangent to ./V by case C. Therefore, 
by continuity and (|3.8[) . we must have df = at the points (t,xo) tel. If df = 
in a neighborhood of p, then / is constant and the lemma is clearly true by simply 
shrinking U to be the neighborhood where / is constant. 

Consider a connected component W of the nonempty, open set {df ^ 0}DU with 
p G dW . Since df ^ on W, we have by cases A-C that either / = f(t) or / = f(x) 
on W. By way of contradiction, suppose / = /(<) on W . Then W is a set of the 
form (a, b) x V, where V is an open subset of N. By the previous paragraph, / is 
constant along the curve t H> (t,xo). If xo € V, this shows that df vanishes in W, 
a contradiction. If xq € dV , the same argument applies by continuity. Therefore, 
we have / = /(cc) in a neighborhood of p, so we may follow the argument of case 
C. □ 

3.3. Global form of g. The previous lemma splits M into two sets: the points 
where / = f(t) and the points where / = f{x). We now rule out the possibility 
that both cases occur. 

Lemma 3.9. If a ^ the cases f = f(x) and f = f(t) may not both occur 

on the same connected manifold M , unless f is constant. Moreover, if f is non- 
constant and f — f(x) occurs, then u has no critical points. 

Proof. Define A to be the set of points p £ M that are either critical points of u or 
regular points p that satisfy the property 

V/ is everywhere orthogonal to L and |V/| is constant along L, 
where L is the u-component containing p, 

which we denote by (*). As usual, V is the gradient with respect to h. 

We show A is open. Let p £ A. First, if p is a critical point, then by the previous 
lemma, we have polar coordinates around p with / = f(t). On this coordinate 
neighborhood, (*) clearly holds at every point besides p. Otherwise, p is a regular 
point; let L be the w-component containing it. If V/(p) ^ 0, then we are in the 
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/ = f(t) case on a neighborhood U constructed in the previous lemma. It is readily 
seen that (*) holds on U . 

If V/(p) = 0, then by (*), V/ vanishes on L. Then on L, the Ricci curvature 
of L is proportional to the metric on L, by (|3.1I) and (|3.4|l . Let ?7 be a coordinate 
neighborhood of p as in the previous lemma, so that 

h = dt 2 + u{t) 2 g N 

on U, where N C L. By case B of the proof of the previous lemma, / = f(t) on U, 
and so (*) holds on U. 

Next, we show A is closed. Let {p{\ be a sequence in A converging to p € M. 
Since A is open and the critical points of u are isolated, we may assume without 
loss of generality that each pi is a regular point of it. If p is a critical point of u, we 
are done. Otherwise, let L be the it-component containing p, and similarly Li for 
Pi. It is now clear from the definition that (*) holds on L, since it holds on each 
Li. 

Thus, either A is empty, or A = M. If / = f(x) and is non-constant on some 
open set, then V/ is tangent to a u-component, and so A is empty. In particular, 
u has no critical points. If, in addition, / = f(t) and is non-constant on an open 
set, then A is non-empty, a contradiction. □ 

Now we complete the proof of the local and global classifications stated in the 
introduction. 

2/i 

Proof of Theorem \1.2[ From Lemmas 13.61 and 13.81 gi — e n ~ 2 h\ is locally either of 

the form (|1.2[) or (|1.3p . (since in the f\ — fi(t) case we may do a change of variables 

fi (t) 

ds = e ™- 2 dt). Moreover, if gi is complete, then we have a global structure of the 
form (jl.2p or (|1.3I) by Lemmas l2.9l and r2.lll In the f-y — f\(x) case, (13.61) is satisfied, 

which implies by Proposition 13.11 that e n ~ 3 gN is GQE with potential f\. 
Next, we prove that hi also has a warped product structure. Since 

hi = dt 2 + u ' {t) 2 gjq, 

the metric hi satisfies 

cf)*(h 2 ) = u~ 2 (t)dt 2 + {u'u^fgM 
Defining dr = u~ 1 (t)dt we then obtain that 

h 2 = dr 2 + (JL^u- 1 )^ g N 

up to isometry. Note that since <fi* df 2 = dfi, if /i = fi(t) then f 2 = /bfX) (and 
similarly if f\ — f\(x)). Thus, 172 has the form stated in the theorem. □ 

We also prove the global result for compact manifolds. 

Proof of Theorera l 1 . 6[ By compactness and Lemma [2.9l (or alternatively by Tashiro's 
theorem), hi is a warped product with one-dimensional base of type (III), and is 
therefore a rotationally-symmetric metric on a sphere. Such metrics are conformal 
to a round metric, so certainly (Mi, gi) is conformally diffcomorphic to a round 
sphere, and the same goes from (M 2 ,g 2 ). 

Suppose ct\ 7^ —2 • Since u has a critical point by compactness, we are in the 
case fi — fi(t) by Lemma [331 It then follows that (Mi, gi) and (M 2 ,g 2 ) are 
rotationally-symmetric metrics on the sphere. □ 
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4. Examples 

In the next two subsections we construct examples of generalized quasi-Einstein 
manifolds that are warped products over a one-dimensional base, both in the / = 
f(t) and / = f(x) cases. By Proposition 13. XI it suffices to construct metrics h 
and functions / satisfying (|3.ip . In the third subsection we further show that all 
of these examples admit one-parameter families of local conformal changes that 
preserve the GQE structure. In many cases these conformal changes are global. 

4.1. The f(t) case. We start with an arbitrary Riemannian manifold {U,h) of 
dimension n > 3 of the form 

U = (a,b)xN 

h = dt 2 + u'(t) 2 g N 

for some u(t) with u'(t) > on (a, b). Assume that N is an Einstein metric, Ric gjv = 
//<?at and that a : (a, b) — > R is also a smooth function of i, such that a(t) ^ 

for any t. From example 13.41 we see that there is metric of the form g = e n ~ 2 h for 
some function / = f(t) if u satisfies the following differential inequality. 

(4.D T ^(-|,-^- >-MW )>, 

on (a, b). 

Remark 4.1. This shows that, given a warping function u > such that the deriva- 
tives of u are bounded on (a, 6), and any a ^ ^32, there is choice of Einstein metric 
gN so that the metric admits a GQE structure on (a, b). 

From formula (I3.5[) an equivalent way to state this result is as follows. 

2/ 

Proposition 4.2. Let (U,h), (N,gw) and a be as above. Then (U,e™~ 2 h, f,a, A) 
is a GQE manifold for some A and f if and only if 

(1) Ric/j (Jj, Jj) > Ric/i (X, X) on (a,b), when a < ^33, and 

(2) Ric h (■§ i , ^) < Ric h (X,X) on (a,b), when a > 

Example 4.3. We consider the concrete example 

h = dt 2 + e 2t g N 

so that 

ji — 2 J 

by (|3.5I) . If gN has Einstein constant fi < 0, we may choose a = 0, for instance, so 
that / equals 

f(t) = ±^- f i(n-2)e- t + C. 

If (i > we can choose a — t^tj, for instance, and so f(t) = ±^/i(n — 2)e _t + C. 
Finally, if fj, = 0, then /i is Einstein. 

This construction also works in polar coordinate neighborhoods. 

Proposition 4.4. Suppose that 

U - B R (0) 

h = dt 2 +u'(t) 2 g Sn -i 
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is a polar coordinate neighborhood of a smooth metric h, and suppose that a = a(t) 

1 2/ 

is a smooth function on U, never equal to -^z^- Then {U,e n ~ 2 h, f,a, A) is a GQE 
manifold for some A and f if and only if J[ ) holds on [0, R) with fj, = n — 2. 

Proof. Define f(t) to solve (|3.5p on (0, R) (where v = u'). We know that u' —> as 
t 0. From the smoothness of the metric, it also follows that 

Ricfe ( ^ ,^ J —>Bic h (X,X) as t -> 0. 

Since a -t* as t — >• 0, / extends to a smooth function on J7 with a critical point 
at t = 0. □ 

If we do not prescribe a, these propositions give the following corollary. 

Corollary 4.5. Let (U, h) be any warped product over a one- dimensional base 
with fiber metric Einstein. If h has non- constant curvature at almost every 
point, then there are functions a — a(t), f = f(t), and A = A(t) such that 

2f 

(U,e n ~ 2 h, f,a, A) is a complete generalized quasi-Einstein structure. 

Proof. First define a(t) so that it has the following properties: 

• a (t) < a t P om ts in (a, b) where, Ric^ (Jj, Jj) > Ric/j (X, X), 

• a(t) > a t points in (a, b) where, Ric^ (Jj, ^) < Ric/j (X, X), and 

• a(t) = ^2 a ^ points in (a, b) where, Ric/j (^, ^) = Ric/j (X, X). 

Defining /(i) via (|3.5j) . we have a GQE manifold structure on (a, b) x TV. By the 
hypothesis on curvature, /' vanishes only on a set of measure zero. If h is a type 
(I) warped product, this gives a GQE structure on U. Then we can also choose 
a(t) — > ^2 fast enough as t limits to a and b so that we can make f'(t) blow up 

at the endpoints so that s(i) = j' e n - 2 dt limits to — oo as t — > a + and limits to oo 

as t — > b~ . This implies that e n -' 2 h is a complete metric of type (I). 

When we have a type (II) or (III) warped product, we also must modify a so 
that / extends to a smooth function in the polar coordinate neighborhood. To do 
this, choose a such that 

as t — > a or &, and so that the same condition holds for all derivatives. 

In the type (III) case this gives us the desired complete metric. In the type (II) 
case we obtain a complete metric by controlling the asymptotics of a in same way 
as in the type (I) case. □ 

Remark 4.6. As this construction shows, the function a(t) is not unique. 

Remark 4.7. If n = 3, it is possible to have solutions in the / = f(t) case such that 
a is a function of both t and x. By Schur's lemma applied to g^, these examples 
are not possible in dimension above three. 

For example, let S be any surface with Gauss curvature fi(x). The metric 

h = dt 2 + cosh 2 (t)gs 

with fit) = f* —r^ — and a = 1 + satisfies (O). Moreover, / is bounded, 

so g = e 2 'h is complete, provided S is chosen to be complete. 
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4.2. The f(x) case. In this section we construct non-Einstein examples in the 
/ = f(x) case with dimension n > 4. The approach is to begin with a metric gN 
on an (n — l)-manifold N satisfying 



Ric 9iV = y^— 2 - Oij df <%>df + Pg N 
for some function / on iV and constants a ^ an( i -f ■ 

Example 4.8. The simplest example with P constant is a product manifold with 
gN = dy 2 + gp where gF is an Einstein (n — 2)-manifold with Einstein constant P. 
If P = 0, then we obtain a Ricci-flat metric so / is constant. However, if P < 
we may choose a = to obtain a solution with / a linear function of y. We also 
obtain solutions when P > by letting a > -p^- 

We point out that one may obtain examples with / bounded in the case P =/= 
by choosing a — a(y) appropriately. In particular, if gp is chosen to be complete, 

2/ 

one may find complete GQE metrics g — e n ~ 2 h in the / = f(x) case using the 
construction below. 

To construct a nontrivial example in the P = case, we take the complete metric 
gN = dy 2 + (1 + y 2 ).9s, where S is a 2-sphere with constant curvature 1. The Ricci 
curvature of gN is: 

2 2 

R-lCgw = ~ 7j _j_ ^2)2 ^ ' 

Choosing a = 5/2 and /(y) = arctan(y) ensures that (|3.8[) holds with P = and 
ri = 4. Moreover, since / is bounded, g = e^/i will be complete. 

Let Q £ 1 and define 

/i = dt 2 + v(t) 2 g N 

where v(t) is a nonzero solution to that is nonnegative over the range 

of t. Direct calculation shows that 

Ric/j = {—^2 ~ °^j d f ® d f + Q9n 

where v solves (|3.9p . restated here for convenience: 

P 



( r\2 i ^ 2 

(u ) + -v = 

n — l it, — a 

By rescaling gN, we normalize so that P = n — 2,0, or — (n — 2). There are six 
cases, up to an afnne change of variable in t: 

(1) If P = n — 2, there are three cases: 

(a) vif) = sin(t), Q = n — 1, 

(b) v(t) =t,Q = 0, and 

(c) v(t) = sinh(t), Q = -(n - 1). 

(2) If P = 0, there are two cases: 

(a) = 1,Q = and 

(b) v(t) = e t ,Q = -(n-l). 

(3) If P = — (n — 2), there is only one case: 

(a) u(t) = cosh(t), Q = -(n - 1). 
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4.3. Conformal changes. For the examples constructed in the last two subsec- 
tions, we show that around every point the metric admits local non-homothetic 
conformal changes preserving the GQE structure. 

Proposition 4.9. Let hi — dt 2 + u'(t) 2 gpf, and suppose that there are functions f, 
Qi, and a such that 

(4.2) Ric hl = -aj df®df + Qxhi. 

Then hi = u~ 2 h± satisfies 

n-2 



(4.3) Ric h . 2 = \ -a)df®df + Q 2 h 2 , 



where Q 2 = (n - 1) (j^u 2 + 2u"u - {u') 2 



Proof. This essentially follows from the observation that the steps in the proof of 
Lemma 13.61 can be reversed. Namely, we know that, for the metric hi, we have 

HesSfc.it = hi. 

n 

Therefore, the formula for the change of the Ricci tensor tells us that: 

Ric h2 = Ric hl + (n - 2 ) ReSShlU + (u-'A^u - (n - l)\Vu\ 2 hi u- 2 ) hi 

u 

= Ric hl + (n - 1) ( -tt _1 A hl « - \\7u\l iU - 2 ) hi 



= -a)df®df+(n- 1) (-^-u 2 + -uA hl u - \Vu\ 2 hl ) h 2 . 

\n — 2 / \n — In J 

The formula then follows from A^u — nu" and |Vu|^ = {u') 2 on h\. □ 

As a corollary we obtain conformal diffeomorphisms between the generalized 
quasi-Einstein manifolds constructed in the previous subsections. 

Corollary 4.10. Let (U,e n - 2 h,f,a,Xi) be a GQE manifold with hi — dt 2 + 

u '(t) 2 9N for some function u(t) . Then there is a function X 2 such that (U, u~ 2 e n - 2 h, f, 
is also a GQE manifold. 

2f 2/ 

Proof. Set hi = h, gi = e™- 2 hi, h 2 — u~ hi, and g 2 — e»- 2 h 2 . From Proposition 
13.11 we know that (|4.2p holds, with 

Qi = ^(A ffl /-|V/^ + (n-2)Ax) e ^ 

= - + Aie—=. 

n — 2 

Proposition 14.91 then implies that (|4.3p holds, with 



Q-2 



(„_1) (u 2 -9l_ + 2u"u-(u') 2 ^ 

u2Ahl f + Xie^u 2 + (n - 1) (2u"u - (u') 2 ) 
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Direct computation now shows: 

A 2 = (Aie^u 2 + uft(Vit,V /) + (n - 1) (2u"u - (u') 2 )) • 

Note that the term uh(Vu, V/) vanishes in the / = /(x) case and equals uu'f in 
the / = f(t) case. □ 

We can also see that /12 is isometric to a warped product over a one-dimensional 
base with the same fiber as hi : see the proof of Theorem 11.21 in section 13.31 

Also note that we have, in fact, constructed a one-parameter family of conformal 
changes, as we can choose u to be any anti-derivative of the warping function. The 
next elementary example (which also appears in KR09) shows that the choice of 
anti-derivative does impact the behavior of the conformally changed metric. 

Example 4.11. Suppose that we have the standard round metric on S n : 

dr 2 + sm 2 (t)g s „-i. 

Then we can choose u(t) = c — cos(t). The choice c > 1 gives a function u which 
is positive everywhere on the sphere, and the conformally changed metric will also 
be a round sphere (of possibly different curvature). When c < 1, u will not be 
positive, so we do not have a global conformal change. However, when c = 1 we 
obtain stereographic projection from the sphere minus a point to Euclidean space. 
When < c < 1 we obtain a conformal change from a portion of the sphere to a 
portion of hyperbolic space, possibly rescaled. 

We also note that with a rotationally-symmetric metric, (i.e. if u' vanishes 
somewhere), it is always possible to choose the conformal factor u to be positive 
everywhere: since u'(t) > 0, u is bounded from below and thus can be made positive 
by adding a suitable constant. 

5. Conformal fields 

We prove local and global classification results for GQE manifolds admitting 
conformal fields. In this section we assume: 

(1) (M, g, /, a, A) is a GQE manifold with a ^ -3^, 

(2) V is a vector field on M such that Lyg — 2i]g, with 77 non-constant (i.e., V 
is a non- nomothetic conformal field), and 

(3) V preserves the GQE structure, in the sense that Dyf equals a constant 
c, and Dya = 0. 

_ 2f 

First, note that V is also a non-homothetic conformal field for h — e ™- 2 g: 

L Y h = 2(1-^1 

We define a = 77 — . 

Next, we make the following observations. If cf>t is the local flow of V about 
some point, then (f>*g = w^ 2 g for a smooth family of functions wt- The smooth 

C(t) _ 2 

family Ut = w t e n - 2 (where (jf t f = f + C(t)) satisfies §* t h = u t h, and therefore 

solves (|2.1j) for each t with respect to h = e ™- 2 g, by the proof of Lemma 13.61 
Differentiating in t, we find that 77 satisfies equation (|2 . 1 [) on A/0 (even though the 

2 An alternative approach is to apply the Lie derivative with respect to V to equation 13. It . 
making use of formula (3.2) of |KR09j : L v Ric h = -(n - 2)Kess h cr - Act • ft. 
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local flows of V may not be globally defined). Following the same arguments as in 
section El we have: 

Observation 5.1. The non- constant function a satisfies i2.1\) . and the local and 
global classification results (Lemmas \3.6\ fX5l 1 3.9\ and Theorems \1.2\ and \1.6\) hold 
in the present case, with u replaced by a. 

Consequently, h is of the form (locally or globally) 

(5.1) h = dt 2 +<r'{t) 2 g N 

for t G I. We similarly define / = f(t) (resp., / — f{x)) to mean V/ is parallel 
(resp. orthogonal) to Vct. 

We are therefore led to study conformal fields on a warped product over a one- 
dimensional base. We fix notation for V by writing 

V = v (t,x)^ + V t , 

where vq is some function on / x N, and Vt is the projection of V onto the factor 
{t} x N. Some general facts regarding this case are collected in the statement 
below, which follows immediately from Proposition I A. 1 1 in appendix lAl 

Proposition 5.2. A vector field V satisfies 

Lyh — 2ah, 

with h given by i5.1\) if and only if 

(1) V t is a conformal field for g^ for each t with Ly t g^ — 2io t g^, 

(2) &(*0 = *h ™* 

(3) = -(^V^o. 

Moreover a = ^f- + w t = 

We consider separately the cases in which / = f(t) and / = f(x), with the goal 
of classifying the structures of g and V, both locally and globally. 

5.1. / = f(t) case. The first observation is that / is constant when c = 0. 

Proposition 5.3. // / = f(t) and Dyf = 0, then f is constant. 

Proof. Suppose / is an open interval on which f'{t) ^ 0. The condition Dyf = is 
equivalent to vo{t,x)f / (t) — 0, so vq = on /. From Proposition 15. 2[ a — ^f- = 
on /. This contradicts the fact that the zeros of a are isolated. □ 

The following corollary is a special case. 

Corollary 5.4. Suppose a has a critical point at p £ M. Then f is constant on 
any polar coordinate neighborhood of p. 

Proof. If da(p) = 0, then h admits polar coordinates about p and / = f(t). By 
smoothness, df(p) = 0. Since Dyf is constant, it is identically zero. □ 

Now we may prove Theorem 11.71 from the introduction, restated below for the 
reader's convenience. 

Theorem 5.5. Suppose (Af, g, /, a, A) is a complete GQE manifold, with a ^ — 
that admits a structure-preserving non-homothetic conformal field: Lyg = 2i]g. If 
r\ has a critical point (e.g., if M is compact), then f is constant and (M,g) is 
isometric to a simply- connected space form. 
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Proof. (M, h) admits a polar coordinate neighborhood U about a critical point p of 
a with / = f{t) on U, so that g is rotationally-symmctric with pole p. By Corollary 
15.41 / is constant on U. In the compact case, U covers M except for a point, so 
/ is constant; in the non-compact case, U = M, and / is constant. Thus g is a 
Einstein. Complete, rotationally-symmetric Einstein manifolds are well-known to 
be the simply-connected space forms. □ 

Thus, we restrict to the case in which M is non-compact and a has no critical 
points; from the previous results, we may also assume c 7^ 0, so that /' never 
vanishes. We assume h is of the form (|5.1j) on U = I X N, and where a' > on 
/ = (a, b). We have that vp — j , c ^ and in particular, vq is a function of only t and 
never vanishes. Corollaries IA.2I and IA.3I imply that V t is independent oft, lu := u>t 
is constant, and Vo and a solve: 

dt 

dt 
~o~' 

for some constant A. Defining r(t) = J an increasing function of t, these 
equations become 

(5.2) a = a" (A + ojr) + oj 

(5.3) w = a'(A + ujr). 

Note that we have not yet used the GQE structure; doing so yields the following. 

Lemma 5.6. Suppose (U,h), V and a are as above. If (U,h, f,a,\) is a GQE 
manifold, V preserves the GQE structure, and f = f(t), then 

(1) a is a solution to H5.2\) for some constants A and lu, 



A 

v = a' [A- 



(2) V — vo(t)-§r + Vq where vq is given in terms of a by S5.3\) and i 



is non-zero 



on (a, b), and Vq is a fixed homothetic field for g^ with expansion factor U), 

(3) /(*) = / 4^ and 

(4) a = Ki + K2fx(x) where Ki is are explicit constants determined by A, co, 
a, c, and n (see \5.6]) ). andKic 9N = jj,(x)gN- 

Conversely, if A,uj, o~,V, f, a, gjq, K\, K 2 and c satisfy (l)-(4), then (U,h, /,a,A) 
is a GQE manifold with structure-preserving conformal field V . 

Remark 5.7. In particular, a is constant if n > 3. The proof will also show that a 
is constant if n = 3 and 

We have already established (l)-(3) above. Before proving (4), we note the 
following fundamental fact about solutions to ([HI 



Proposition 5.8. A function a solves i5.ty) if and only if the quantity 
(5.4) K= {A + Lor){a'f -a{a -uj) 

is constant. 

Remark 5.9. When to = this is the well-known fact that A(a') 2 — a 2 is constant 
for solutions to a" = -j. 
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Proof. Differentiate with respect to t and use = — 

2a' ((A + ujr)a" + uj - a) 



— ((A + ujr)(a') 2 -a(a-uj)) = uj — (o'f + 2<A + ur)a'a" - 2<t<t' + toa' 
at at 



□ 



Proof of Lemma \5.b\ In order to have a GQE structure, the Ricci curvature of h 
must be given both from the warped product formula ()3.4j) and from (|3.1[) , leading 
to: 

( 5 - 5 ) \Z — o -« /(*) =-(n-2)' 



v n-2 J->^ v \<r'(t) & \t) 2 J cr'(t) 2 ' 

We rewrite (15.21) as 



a — UJ 



A + ojr 

Differentiating this equation with respect to t yields: 

(7 1 UJO 



a' A + ujr (a') 2 (A + ujr) 
Substituting into formula (15.51) gives 



(a') 2 (A + ujr) - a(a - uS)\ fj,(x) 



= -(n-2) 



On the other hand, 



(<j') 2 (A + ujr) 2 ) a'{t) 2 ' 

fit) 



vq a'{A + ujr)^ 
and (A + ujr)(a') 2 — a(a — uj) = K is constant, implying 

1 (n - 2)K + u(x)(A + ujr) 2 
a = H - . 

71—2 c 2 

However, if uj ^ 0, in order for to admit a non-Killing homothetic held, it must 
be flat (cf. pg. 242 of |KN96] ). Therefore we have: 



(5.6) 



i w = 

71 — 2 c 2 



1 (»-2)if , n 



□ 



We separately analyze the cases in which uj = and uj ^ 0. If w = 0, then 
A ^ 0, and the possible solutions to (|5.2[) are (up to shifting t and rescaling V 
and cr): cr(t) = cos(fct), a(t) = e Kt , a{t) = sinh(«;i), or a(t) — cosh(K?j), where 

k = y^y- These all produce local examples. 

We are interested in determining when it is possible to construct an example 
with g complete. To simplify notation, we assume k = 1. 
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Example 5.10. Suppose a(t) = sinh(i), and 

h = di 2 + cosh(t) 2 g N , 
dr 



f 



cosh(r) ' 



V = cosh{t)^+X, 

where N is any complete space with Ric gjv = figN, with Killing field X (possibly 

2/ 

zero). One can readily check that V is a conformal field for g — e™- 2 h (with u> = 0) 
with expansion factor g — sinh(t) + ^35, that Dyf — 1, and that g is complete 
(since / is bounded). Moreover, choosing a so that 

a = + n — 2 + u 

n — 2 

assures that (M, g, f, a, A) is a GQE manifold for some A. 

Example 5.11. A similar example occurs with cosh(t) replaced with e* and 

1 



fi. 



n-2 

However, in this case, / is given by — e _t (up to a constant), and the conformal 

2/ 

metric g — e n - 2 h is necessarily incomplete. 

Example 5.12. Suppose a(t) = cosh(t), so that a has a critical point at t = 0. 
Then h is defined only on (0, 00) (or its negative), and the arc length with respect 
to g is given up to constants by 



s(<)= / exp G^/ 



dy 



sinh(y) 



However, lining- s(t) is finite, so that g is incomplete. A similar argument applies 
if a(t) = cos(£). 

Next, we move on to the case in which w / 0. Perform the change of variables 
r = Jo 4r SinCC % = (f ) 2 > <E3> becomes 

da K + a (a — uS) 
dr A + ujr 

Separating variables and completing the square produces: 

da f dr 



- uir 



= -hx\C(A + ur)\, 
2 

for some constant C > 0. Let B = K — There are three cases depending on 
the sign of B. 

. If 5 = thenar) -f = 

• If B > then cr(r) - f = /Btan fVlln \C(A + ur)\) . 
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If B < then 



cr(r) - - = V^Stanh (-/-"Bin \C(A + wr)\ 



\C{A + ujr)\ 2 ^B + 1 

Computing the derivative of / with respect to r using f'(t) = and ([5 
gives 

df _ c 
dr A + Lur 

So /(r) = c\n(D\A + uir\) for a constant D > 0. 

Thus, we have completely determined the local structure of <?, / and V in the 
u) ^ case. Conversely, given constants u ^ 0, c ^ 0, C > 0, D > 0, A, B, 
we can use the above formulas for f(r) and a(r) to construct local examples; the 
parameter t may be recovered by t(r) — J y a'(r)dr. Next, we are interested in 
analyzing which of these examples is complete. 

We begin with a function a{r) of one of the three forms above, defined on a 
maximal interval / such that 4£ > 0. To simplify calculations we assume that 
u> — 1 by rescaling V and cr; A = by shifting s; D = 1 by shifting /; and r > 
by symmetry. In each of the following cases, f(r) — cln(r). 
• If B = 0, then 

(for 1 
dr rln(Cr) 2 

a is undefined at r — 1/C, so we consider J = (0,1/(7) or (1/C, oo). The 
arc-length parameter for g is given by 

s(r) = I e^dt = [ ( , ,„ , I dr 



v rV2 ln(Cr) 

2(c+l)-n 
2(n-2) 

ln(Cr) 

By analyzing the limiting behavior of s(r) at r = + , 1/C and oo, we find 
that 5 is complete with / = (0, 1/C) if and only if c < — 2=2 an d with 
I = (l/C,oo) if and only if c > -2=2. 
If £ > 0, then 

cr(r) = - + V r Btan(V A Bln(Cr)), 
da _ B sec 2 (VSln(Cr)) 

-7r/2 + fc ,r/2 + fc 

We take the interval I = (-^e ^ ± e vb ) for any integer k. t is given 

by 



/" V5sec(V51n(Cr)) 

which implies that i is defined on (—00,00). Since / is bounded in this 
case, g is complete. 
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If B < 0, then 

a(r) 



| Cr |2^B + 1 

da -ABlCrl 2 ^- 1 



dr (|Cr|V=B + l)2' 

and we take / = (0, oo). The arc-length with respect to g is: 

_ /• 2^Br^{Cr)^- 1 / 2 
( ' J ~ J (Cr)V=5 + 1 

For no values of B < 0, C > 0, c 7^ does |s(r)| limit to infinity at r = 
and r — 00; thus metrics of this form are incomplete. 

At this point we have a full understanding of the / = f{t) case, in both the 
lj = 0,u) 7^ subcases. For future reference, we analyze the completeness of the 
conformal field V. 

Lemma 5.13. If (M,g) is complete and non-compact in the f — f(t) case, then 
the conformal field V is not complete. 

Proof. Suppose V is complete. By Lemma \UM V is of the form V = «o(*) J? + Vq, 
where Vq is a fixed homothetic field for gjy. If g is complete, so is g^- It follows 
that Vb is a complete field (see p. 234 of KN96]) on N and extends naturally to a 
complete vector field on M. Then V — Vq — vq{£)% is a complete field on M and 
therefore on R. We analyze the two cases. 

If lo = 0, then i>o(i)J^ = cosh(£)J^, which is not a complete field on K by 
elementary considerations. This is a contradiction. 

If uj 7^ 0, we can write vojj as (A + wr)^ = rS-. The flow of this vector field 
at time e is given by scaling r by e e . Such flows are globally well-defined only on 
K, (—00, 0), and (0, 00). None of the complete examples we considered above were 
defined on such a subset, again leading to a contradiction. □ 

5.2. / = f(x) case. We also analyze the case of a conformal field in the / = f(x) 
setting, so that n > 4 and Q is constant (by Observation 15.11 and Theorem 11.21) . 
Without loss of generality, assume / is non-constant. We prove: 

Proposition 5.14. If the f — f(x) case occurs, then a solves 

(5.8) a'" = ^—a'. 

n — 1 

Moreover, Dy t f = c and Dy t u = 0, and either: 

(1) Vt is a non-homothetic conformal field on g^ for some t, or else 

(2) Vt is a Killing field on gjy, independent of t, vq — Vo(t) is a constant 
multiple ofa'{t), anda'(t) is non-constant. 

Examples of case (2) are found using section l4~2l After the proof, we demonstrate 
that case (1) may occur as well. 

Proof. First, by Lemma [3.81 and Observation 15.11 a satisfies (|5.8[) and a = a(x). 
Additionally, since Dyf = c and / = f(x), we have Dy t f = c for each Vt, and 
likewise Dy t a = Dya = 0. 
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By Proposition l5.2[ for each t, Vt is a conformal field with expansion factor u>t(x) 
on N. If any ujt(-) is non-constant on N, Vt is non-homothetic on N, and we are 
in case (1). 

Otherwise, ui depends only on t. By (|5.8[) . if a' is constant, then Q = 0. If 
ujt ^ for some i, then <?jv admits a homothetic field that is non-isometric and so 
gN is flat. Combining (13.1[) and (|3.4[) shows that ^^rj — df df is pointwise 

proportional to g^. By comparing rank, it follows (since a ^ that / is 

constant, a contradiction. We conclude that u t is identically zero. But Proposition 
15.21 and the constancy of a' imply a = 0, a contradiction. 

Thus, we may assume a' is non-constant, so that cr"(t) vanishes only for isolated 
t by (|5.8|) . From it = ^cr" + w t of Proposition ^. 2[ we see that vq = Vo(t). Then by 
Corollary IA.21 Vt is independent of t and Wt = ui is constant in t and x. If cj 7^ 0, 
<7at admits a homothetic field that is not Killing, and the same argument as above 
leads to a contradiction. Thus to = 0, and Proposition 15.21 implies vq is a constant 
multiple of a' (t) . □ 

We demonstrate that the first case of Proposition I5"7H1 can occur, at least locally. 
Example 5.15. Suppose that (K^lix) is some n-manifold (n > 3) satisfying 

Ric/, K = ( - ax J df ® df - (n - l)h K 



for a non-constant function / : K — > K and some constant a/f (cf. Example 
Define M = M. 2 x K with coordinates (f, y) on M 2 and metric 



ijvr = di 2 + cosh 2 i (dy 2 + cosh 2 y Hk) , 



Ric/j M = a M df ® d/ - (n + l)/i M 



which satisfies 



for an appropriate constant ajif. Note the t- level sets each admit a conformal field 
cosh(y)^ with expansion factor sinh(y). We define a vector field V on M by: 



V = ^cosh(i) sinh(y) J 



y -dz - + ^(i)cosh(zj) — , 



cosh(z) J dt dy 
where 

= sin(2 arctan(tanh(t/2))). 
Direct calculation (using Proposition lA.lj) shows that V is a conformal field of h 
with expansion factor a(t, y) — sinh(y) ^sinh(i) f* dr + <p(t)j ; its restriction 

Vt to a level set of t is a conformal field with expansion factor Lo t {y) — (p(t) sinh(y); 
in particular, Vt is non-homothetic for almost all tel. 

Moreover, V preserves the GQE structure of (M, e» hja)'- Dyf = 0, since / is 
a function on K, and DyctM — since ccm is constant. 

Remark 5.16. In the above example, hu admits a warped product structure with 
respect to the level sets of c, by our classification theorem. However, we point out 
this structure is not apparent from the expression of Km in coordinates t, y. 
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5.3. Complete conformal fields. Here we prove the generalization of the theo- 
rem of Yano and Nagano on complete conformal fields on Einstein spaces stated in 
the introduction. 

Proof of Theorem \1.8[ Suppose (M, g, /, a, A) is a complete GQE manifold equipped 
with a structure-preserving non-homothetic conformal vector field V: Lyg = 2rjg. 
Assume V is complete. If r\ has a critical point, then by Theorem 15. 5[ (M,g) is a 
space form and / is constant. However, the round sphere is the only space form 
admitting a complete non-homothetic conformal field. 

Otherwise, M is non-compact, a = rj — has no critical points, and the work 
of sections 15.11 and 15.21 applies. If / = f(t), then Lemma [5.131 implies that V is 
incomplete, a contradiction. Thus / = f(x) on M. 

In this case, since g is complete, Theorem 11.21 and Observation 15.11 imply that h 
is one-dimensional warped product defined for all t £ I. Since a' solves (|5.8I) and 
has no zeros we conclude that o~'(t) is (up to an overall scaling of a and of V, and 

a translation of t), equal to 1, e Kt or cosh(fd;), where k = J~^^. If a' = 1, then 
by Proposition 15. 2[ a' = oj t , which implies uj t depends only on t. This contradicts 
part (2) of Proposition I3T41 

On the other hand, the following argument, which is an adaptation of Yano- 
Nagano's argument in the Einstein case, shows that Vct must be a complete field if 
V is complete. This is a contradiction, since e Kt and cos1i(k£) are not complete 
fields on E. 

Computing the Laplacian on the warped product h gives: 

Act. 



Ly a h = 2 h 

n 

2a"h. 



However, by Proposition 15 . 141 a" — & + cq, where Q and Cq are constants. In 

particular, W = -^^V + Vct satisfies Ly/h — 2cqH. In the metric g, 

( 2D w f \ 

Lw9 = U^T + Co ) 9 - 

However, Dwf is constant, since Dyf is constant and Vct is orthogonal to V/. 
It follows that W is a homothetic field for the complete metric g, and so W is 
complete (see p. 234 of [KN96 ). Since the set of complete conformal fields on a 
Riemannian manifold forms a Lie algebra, Vct is complete, a contradiction to the 
form of ct. □ 



6. Gradient Ricci solitons and m-QUASi-EiNSTEiN metrics 

In this section we specialize to the case where a and A are constant, first obtaining 
some rigidity for the function Q of Proposition 13.11 

Proposition 6.1. If (M, <?, /) is a complete gradient Ricci soliton or a complete 
m- quasi- Einstein manifold, then Q is constant if and only if f is constant. 

Proof. First note that if / is constant, the same is true for Q by definition. Now 
we prove the converse. 
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Gradient Ricci soliton case: If g is a gradient Ricci soliton (a = and A constant) 
we have the following formula due to Hamilton (see Proposition 1.15 of jCCG + 07] 
for a proof): 

(6.1) A.f-|V/| 2 =-2A/ + c, 

for some constant c. Plugging into the formula for Q (|3.3p . we obtain 

Q = ^—(-2Xf + c+(n~2)X)e^. 
n — 2 

From this, one can see that if dQ vanishes identically and df ^ at some point, 
then A = c = 0. Then we have 

A/-|V/| 2 -0 

Moreover A/ = —R from the trace of the soliton equation, where R is the scalar 
curvature of g. In particular, 

-R-\Wf\ 2 = 0. 

However, Chen has shown that if A = then R > |Che09j (cf. |Yok09j . [Zhallj l. 
implying R = |V/| = when c = 0. 

m- quasi- Einstein case: If g is m-quasi-Einstein (to > 0, a — — and A constant) 
we have the equation proven by Kim-Kim [KK03 that 

A/-|V/| 2 =to(a-^) 

for some constant ^i, which gives 

j / 2f\2f 

Q = ( (n + to - 2)A - ue"> ) e«- 2 . 

n — 2 V / 

If dQ vanishes identically and df ^ at some point, then A = /i = 0. By a result 
of Case, / is constant [CaslOj . □ 

Corollary 6.2. Suppose (M, g, /) is a complete gradient Ricci soliton or a com- 
plete m-quasi-Einstein manifold. If (M,g,f) admits a non-homothetic structure- 
preserving conformal diffeomorphism or conformal field, then only case \1.2\) in 
Theorem \1.2\ may occur. 

Proof. In the / = f(x) case, Q is constant by Lemma \'6.8\ (and Observation 15 . 1 1 in 
the case of a conformal field). Then / is constant, so we may say without loss of 
generality that f = f(t), □ 

When the constant A is nonnegative, we also have the following. 

Proposition 6.3. If a complete gradient Ricci soliton or complete m-quasi-Einstein 
metric (M, g) of the form HI. 2}) . 

g = ds 2 +v(s) 2 g N , 

with gw Einstein has A > 0, then either g is rotationally- symmetric (onW 1 or S n ), 
or v is constant and g is the product metric on K x N . 
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Proof. The result follows from the work of various authors. The main observation 
is that a complete metric of type (I) (see Definition 12. ip of the form (|1.2[) contains 
a line in the s-direction: a geodesic defined on (— 00,00) that is minimizing on all 
its sub-segments. 

In the m-quasi-Einstein case, a version of the Cheeger-Gromoll splitting theorem 
holds if A > [FLZ09J. Therefore, if g is not a product it then must be rotationally- 




symmetric (i.e., type (II) or (III)). In fact, if A > 0, M must be compact |Qia97| . 

If {M , g) is a gradient Ricci soliton, we may, without loss of generality, replace g^ 
with a space form of the same dimension and with the same Einstein constant. In 
particular, (M,g) is now locally conformally flat. Locally conformally flat gradient 
Ricci solitons with A > are classified |CC12j . however, we do not need the entire 
argument in this special case. Indeed, by the work of Chen }Che09j and Zhang 
[Zha09j (cf. Proposition 2.4 of |CC12j ) a locally conformally flat gradient Ricci 
soliton with A > either has positive curvature operator or is a product. However, 
by the classical splitting theorem of Toponogov, a space with positive curvature 
cannot contain a line, so a type (I) gradient Ricci soliton with A > must be a 
product. □ 

We now prove our main result on Ricci solitons stated in the introduction. 

Proof of Theorem \1.9[ The first claim that g\ and gi are metrics of the form (|1.2|) 
follows from Theorem 11.21 and Corollary 16.21 

When gi is a complete shrinking or steady soliton, we also know from Proposition 
16.31 that gi is either rotationally-symmetric (on R™ or S n ) or a product. From 
the work of Kotschwar |Kot08j and Bryant |Bry| , the only complete rotationally- 
symmetric gradient Ricci solitons with Ai > are the round sphere, flat K ra , and the 
Bryant soliton. In the flat case there are two rotationally-symmetric gradient Ricci 
soliton structures with / = f(s) on g\ = ds 2 + s 2 gg n -i: one where / is constant 
and Ai = and the other where / is the Gaussian density, / = 4ps 2 + b. We will 
refer to the solitons in the first case as flat Euclidean solitons and to the second 
case as flat Gaussian solitons. 

If <?i is a product R x N and f\ — f\(t), we have that Hess/i = f['dt 2 , so that 
<7at must be Einstein. By |Ive93j any non-trivial compact gradient Ricci soliton is 
shrinking, so the compact result follows from the complete one. (In the trivial case 
in which f\ is constant, we can appeal to Theorem 11.61 ) 

The next claim, that if gi is also a soliton, then both spaces are round spheres 
or (ft is stereographic projection, appears at the end of the section as Corollary 16. 81 

Finally, we prove that a complete gradient Ricci soliton (M, (/,/) admitting a 
non-homothetic, structure-preserving conformal field V is Einstein with / constant. 
If M is compact, then the first part of the proof, applied to the flow of V, implies 
that / is constant. Thus, we assume M is non-compact and / is non-constant and 
appeal to the classification derived in section 15.11 Since we consider a complete 
Ricci soliton, only the / = f(t) case occurs by Corollary 16.21 There are a couple 
cases to consider, in which / and a are known explicitly. 

Suppose ui = 0. By translating t and rescaling a, we have that o~(t) = ~ sinh(/tt), 
V = -a — t~7 — tt for nonzero constants k, c and A, and 




h = dt 2 + cosh 2 (nt)gN- 
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We compute Ric^ (Jr, 4A using both (|3.2[) and (|3.4I) to show that 



A . -l)- y^j - _^(A s/ - |V/©, 

2/ 

where g = e™- 2 h satisfies Ric ff + Hess ff / = Xg. Next, using the conformal relation 
between g and h, we find 

A 9 /-|V/|^ = e-^A h /, 
and, by computing the Laplacian on a warped product, 

Ah/ = /" + K(jl ~ 1 ^' sinh ( Kt ) 
cosh(/tf ] 

Thus, 



2/ 



X = e -^, _«'(„ _ i) _ ^ /« + ( /T + 



1 / „ ( 2 *t(n — 1)/' sinh(ftt) 



n — 2 \ cosh(/-rf) 

Elementary analysis shows that A is non-constant. 

Finally, suppose w / 0. In this case, g^ admits a homothetic field that is not 
Killing, so g^ is flat. Working in the variable r = f Q -pf^, we have 

h = dt 2 + <r'{t) 2 g N = a\t) 2 {dr 2 + g N ). 
The metric g is given by 

g = e —2 cr'(r)(^ + g N ). 

Let <y9 = ^2+5 logcr'(r), so that g = e 2v (dr 2 +g^). We use this conformal relation 
to find: 

R,c » (!•!) 

where all derivatives are with respect to r. In particular, if Ric 9 + Hess 9 / = Xg, 
then 

a = -(»-iy + /"-¥//'. 

Using f'(r) — ~, straightforward computations show 

n-l/V" K) 2 \. cct" c(c-l) 
A — 



cr' (cr') 2 / 2m' (n - 2)r 2 

If B = 0, wehavea(r) = I-j-i,. If B > 0, then cr(r) = ± + >/B tan(-/B ln(CY)). 
Elementary analysis shows that A is not constant in either case. 

We conclude that / must in fact be constant, so that (M, g) is Einstein. □ 

Remark 6.4. As an addendum to the proof of the last statement: Kanai showed 
a complete Einstein space admitting a non-homothetic conformal field belongs to 
the following list, up to rescaling |Kan83] (cf. Theorem 2.7 of 1KK0!) ;■: a round 
sphere, Euclidean space, hyperbolic space, a warped product ds 2 + e 2s gN (where N 
is Ricci-flat), or a warped product ds 2 + cosh 2 (s)gjv (where N has Einstein constant 
-(n-2)). ' 
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We close with examples of Ricci solitons g\ admitting structure-preserving con- 
formal changes to GQE metrics gi, making use of Corollary 14. 101 These examples 
will be used in the proof of Corollary 16.81 

Example 6.5 (Product soliton). We consider the case in which g\ = ds 2 + gN, 
where g^ is Einstein with Einstein constant Aj.. fi = /i(s) is necessarily of the 
form 

fl(s) = ^s 2 + as + b, 

for some constants a and b. Assume /1 is not constant. 

First we consider the case Ai = 0. By adding a constant to /1, we may assume 
/i(s) = as, a^O. Then we have 

-2as 2 -2as 

hi = e ™-2 gi = dt + e »-a g N , 

-as , -as , -2as 

where dt = e n - 2 ds. u is a solution to 3jr = e>»- 2 , which implies that ^ = e ™- 2 . 
So u(s) = -^^e 1 ^ + C and we have 

g 2 = Ku~ 2 gi = K (dr 2 + u~ 2 g N ) , 

where if is a positive constant and r(s) = J u(s)~ 1 ds. 

If a and C have different signs, then \u\ > for all s, giving a global conformal 
change gi = Ku~ 2 g\. Note that r is always either bounded above or below (de- 
pending on the sign of a), so gi is not complete. If a and C have the same sign, 
then u has a zero, and the conformal change is not global. 

In the case Ai 7^ 0, by shifting s and adding a constant to f\ we can assume that 
/i(s) = 4rs 2 - Then we have 



hi = e "- 2 g\ = dt + e ™- 2 #at, 



where dt = e 2 <"- 2 > ds. We have $± = e ™~ 2 , so that tt(s) = C + / Q s e ™- 2 dp 
and (72 = Ku~ 2 gi. By Corollary 14.101 #2 is a gradient Ricci almost soliton with 
potential f = fi- 

Note that when Ai > 0, u(s) is bounded which implies that we can choose C 
large enough so that u does not vanish and that gi is complete if g\ is. When 
Ai < 0, u will always have a zero, so there is no global conformal change. 

In the case Ai > 0, we point out that {gi, f) is not a gradient Ricci soliton. To 
see this, we note Hess 9l u = u"(s)ds 2 and A 9l it = u"(s) and compute (where prime 
denotes a derivative with respect to s): 



and 



Ric 92 = (n - 1) ^-f- ds 2 + Ai + (n - 1)^-5- gN 



Kess g J=[.f"+ f —}ds 2 - f —g N . 



u 

In order for Ric 92 + Hess S2 / to equal A2<?2, we must have: 

A2 = (n — 1) (mm" — (u') 2 ) + (Aiu 2 + Xisuu') 
in the case Ai > 0, and 



Aa = (n-l)(tttt"-(« / ) a ) + 



auu 



in the case Ai = 0. However, in either case, one can explicitly show that A2 is not 
constant. 



CONFORMAL DIFFEOMORPHISMS OF GQE MANIFOLDS 



31 



Example 6.6 (Bryant Soliton). The Bryant soliton is the unique (up to rescaling) 
rotationally-symmetric, steady, gradient Ricci soliton. We write this metric as 

,9i = ds 2 + w(s) 2 g s „-i 

for s > 0, where w(0) = 0, w'(0) — 1, and w(s) > for s > 0. We also have 
w = Ois 1 / 2 ), w' = 0(s -1 / 2 ), w" = <3(s~ 3 / 2 ), the scalar curvature R is 0(s _1 ) for 
s large, and the sectional curvature is everywhere positive (see |Bry| or Chapter 1, 
section 4 of [CCG+07] ). From (|6T]) we have 

R+\Vf\ 2 =c. 

for some positive constant c. Thus, /' — > ±^/c at infinity, so / = O(s). Since gi 
has positive curvature, Hess/ is negative-definite and we conclude /' — > —y/c at 
infinity. Now, 

2 



hi = di 2 + fe«- 2 w) g Sn - 



whcrc 4^ = e "- 2 , so that 

as 



2/(p) 



u(s) = C + e »-a w(p)dp. 
Jo 

Since s > 0, from the asymptotics of / and w we see that u blows up exponentially 
in s. Thus we have a global conformal change to an incomplete metric g 2 , provided 
C > 0. 

Finally, we ask whether §2 = u~ 2 g\ is also a Ricci soliton with potential /. 
Assume Ric 92 + Hess 92 / = \ 2 g 2 . Direct calculation of the ds 2 component of this 
equation leads to: 

6.2 (n-l)( + ) + .f" + — = \ 2 u- 2 , 

where all derivatives are with respect to s. Using Ric 9l + Hess 9l / = 0, we have 
/" = (n — 1)— . This simplification leads to: 

(n — \){uu" + uuw'w^ 1 — (u r ) 2 ) + uu f = X 2 - 

We show A2 is not constant by examining its asymptotics at s = and s —¥ 00. As 
s —> + : / limits to (without loss of generality), /' limits to 0, u limits to C, v! 
limits to zero, and u" limits to 1. This implies lim s _ ) .o+ v(s) — 2C(n — 1). On the 
other hand, by the above asymptotics on w and /, one can show that — and — limit 
^° (n^kp anc ^ n^l a ^ mnm tyi respectively. It follows that lim,,-^ v(s)u(s)~ 2 = 
— rf , so that A2(s) — > —00 as s — > 00. In particular, X 2 is not constant. 

Example 6.7 (Flat Gaussian Soliton). There is one more example of rotationally- 
symmetric shrinking soliton: the flat Gaussian. In this case the metric is flat R™ 
written in polar coordinates as 

<?i = ds 2 + s 2 g Sn -i 

with / = 4ps 2 + b, Ai 7^ 0. Without loss of generality we assume 6 = 0. Then we 
have 

hi =dt 2 + ( e^Ts ] ggn-i, 
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where 4^ = e 2 (— 2 ' , so ^ = se ™- 2 and thus 

, v ~ (n - 2) ^£ 

Considering (72 = u g%, note that when Ai > 0, it(s) is bounded which implies 
that we can choose C large enough so that u does not vanish and that g 2 is complete. 
When Ai < and C > we also obtain a global conformal change, however g 2 will 
be incomplete. 

Finally we determine whether g 2 is a Ricci soliton. We know that Ric 92 + 
Hess 92 / = X 2 g 2 for a function A2. Arguing as in the Bryant soliton example, by 
equation (16.21) we obtain 

(n - 1) (uu" + u'us~ l - {u') 2 ) + Ai + Xisu'u = A 2 . 

Then one can explicitly show that A2 is not constant in this case as well. 

Finally, we prove the following corollary, which completes the proof of Theorem 



Corollary 6.8. Let <f> be a non-homothetic conformal diffeomorphism between Ricci 
solitons (-Mi, <7i,/i) and (M 2 , g 2 , f 2 ) such that <fi*df 2 = df\. If (Mi, g\) is complete 
and either shrinking or steady, then f\ and f 2 are constant, and either (Mi, gi) and 
(M 2 ,g 2 ) are both isometric to round spheres, or <p is a stereographic projection with 
(Mi, gi) flat Euclidean space and (M 2 ,g 2 ) a round spherical metric with a point 
removed. 

Proof. By Theorem ll.91 we have that (Ml, g\ , fx) is a product of R with an Einstein 
manifold, the Bryant soliton, a flat Gaussian soliton, a flat Euclidean space, or a 
round sphere. However, the previous examples show the conformal transformations 
associated to the first three cases do not produce a soliton metric. In the last two 
cases, / is constant so we are in the Einstein case. From Example 14 . 1 1 1 we can see 
the only time we have a global non-homothetic conformal diffeomorphism from a 
round spherical metric g\ to another Einstein metric g 2 is when g 2 is also a round 
spherical metric. A similar analysis shows that the only time we have a global 
non-homothetic conformal diffeomorphism from flat Euclidean space g\ to another 
Einstein metric is the case of stereographic projection where g 2 is a round spherical 
metric with a point removed. □ 

Appendix A. Conformal Fields on warped products over a 

ONE-DIMENSIONAL BASE 

Here we collect some calculations for conformal fields of a Riemannian metric h 
of the form 

h = dt 2 + u{t) 2 g N 

on M — I x N, where / is an open interval. Let V be a vector field on M. We 
write 

V = v (t,x)^ + V t , 

where vo is a function on M and V* is the projection of V onto the factor {t} x N. 
We have the following necessary and sufficient conditions for V to be a conformal 
field for h. 
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Proposition A.l. V is a conformal field for h, 

Lyh = 2ah, 

if and only if 

(1) V t is a conformal field for gw for each t: Ly t gN = 2uj t gN- 

(2) ^(w u- 1 )=w t «- 1 

(3) % = -u-^v , 

where V N Vo is the gradient ofv a (t, •) on {t}xN. Moreover a = WoW _1 §|+Wt = ■ 

Proof. We compute the Lie derivative of h. Let (x 1 , . . . , a;™ -1 ) be normal coor- 
dinates at some p <G N, and let Vt — Vi(t,x)di, with the Einstein summation 
convention in effect for i = 1 to n— 1. Here, <9j = ^ and we let 9 t = J^. To begin, 
we record the following Lie brackets: 

= -ft* " -ft* 

Now, at the point 

(L v h)(d t ,d t ) = D v h(d t ,d t ) - 2h([v,d t ],dt) 
(LvfcXft.a,-) - D v h(d u dj) - h(\y,dt],dj) - h(d t , [v,dj]) 

2 dvj dv 
dt dxi ' 

{LvhWjtdk) = D v h(d„d k ) - h{[V,d^d k ) - h(dj, [V,d k ]) 

= 2vouu'g N (dj,dk) + u 2 (iy t 5Ar)(<9,, <9 fc ). 
In particular, for arbitrary vector fields X, Y tangent to {t} x N, 

{L v h){d t ,X) = u 2 g N (x,^) +D x v a , 



Ot , 

(L v h)(X,Y) = 2v uu'g N {X,Y) + u 2 (L Vt g N )(X,Y) 
Then Lyh equals 2ah if and only if 

dv 

2 dV t N 

Lv t gN = 2w t g Nl 

where co t := cr — wo w_lw '- The first equation is equivalent to: 

9 i -i\ -i 
— {v u )=uju . 

Two consequences of this result are the following. 



□ 
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Corollary A. 2. If V is a conformal field for h as above, then vq = Vo(t) if and 
only if Vt is a fixed homothetic vector field for gN ■ 

Proof. Equation (3) of the previous proposition shows that vq — Vo(t) if and only 
if Vt is independent of t. In this case, (2) implies that uj is constant. □ 

In fact, we can solve for vq and a explicitly. 
Corollary A. 3. With notation as above, 

v = u(t) \ A(x) + J ^ydt 

u(t) 

where A(x) is a function on N . 

Proof. Integrating equation (2) of the proposition with respect to t gives the formula 
for vq . The formula for a follows from cr = ^f- . □ 



= u'{t)[A(x)+ I ^rrdt) +wt(x) 
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